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Migration-Driven Instability in the Chlorite —Tetrathionate Reaction
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We have studied the lateral stability of planar reactidiffusion fronts in an autocatalytic reaction between
agueous ions in an externally imposed electric field. In our experiments, migration drives the pattern formation
leading to cellular structures where the sufficiently greater migrational flux of the reactant with respect to
that of the autocatalyst is the driving force. The difference in electric field strength between the two sides of
the thin reaction front results from the significant increase in conductivity during the reaction. The results of
the theoretical analysis based on the empirical rate-law model of the reaction reproduce the behavior observed
experimentally.

1. Introduction extensively studied both in close® and open systen?4:25
Lateral instability has been observed in this reaction where the

A chemical front may be triggered in an unstirred reactant selective immobilization of the autocatalyst hydrogen ion has
mixture of an autocatalytic reaction by supplying the autocatalyst been achieved by binding it to methacrylate groups reversibly

in a confined space. The initiated reaction front that propagatesin a cross-linked polvmeric hvdroael used as a convection-free
through the medium and converts the reactants into products ismedium5:15 n anpegrlier exyerirr?ental studv. we have also
the result of the coupling between the autocatalytic reaction ; e P Y,

shown that migrational flux at the front imposed by an

kinetics and transport processes, among which diffusion is the o i . e
most commork=3 In solutions where convection is negligible, inhomogeneous electric field may shift the onset of instability

the geometry of the reaction front reflects that of the local in the opposite way with respect to the effect of diffusive flux

initiation: in a thin layer, a point source results in a circular dn;nr;glthe pzljttern ftor(rjnattrl]oizﬁ " b but in the ab

front, whereas a straight line leads to a planar front. Even though n this work, we study the reaction above but in the absence
the reactants are homogeneously distributed ahead of the front,mc binding groups and introduce an mhomogeneous e'eCF“C f|_eld
concentration gradients transverse to the direction of propagationContrOIIeOI by a constant current density pgrallel o the direction
may arise from microscopic noigeThis lateral instability of .Of fron.t.propagatlon. We first S.hOW expenmenta}lly that lateral
reaction-diffusion fronts has been observed experimentafly instability of planar fronts leading to the formation of cellular

and studied thoroughly theoreticaflty’* The necessary require- patterns may be driven exclusively by the difference in th_e
ment for the instability apart from the sufficiently strong migrational flux of the reactants and the autocatalyst. It is

autocatalysis is the slower diffusion rate of the autocatalyst at demonstrated in a system where the autocatalyst hydrogen ions

the front with respect to that of the reactant. This has been diffuse significantly faster than the reactants, which represents

achieved experimentally by decreasing the concentration of free® strong stabilization of planar fronts in the absence of electric

autocatalyst produced behind the front, and hence its gradientf'eld' We then carry out a thorough theprencal analy.s.ls of the
across the thin reaction zone, via reversible binding into an model of the reaction under the experimental _condltlons and
immobile compoun@® or with an appropriately oriented reproduce the important experimental observations.

constant external electric field parallel to the direction of front
propagation in an ionic reactidi:131°It is also known that an
external electric field may further change the front characteristics  Throughout the experiments, analytical grade chemicals were
and even the stoichiometry of the underlying chemistry and, ysed (Reanal, Sigma, Aldrich) except sodium chlorite which

2. Experimental Study

hence, has a profound effect on the pattern formaffol. ~ \as recrystallized following the recipe from our previous wrk,
The chlorite oxidation of tetrathionate in slight chlorite and the salt had at least 97% purity. The experiments were
exces® carried out at room temperature, 231 °C. The thin gel used

as a convection-free medium was made of cross-linked poly-
7CIO,” + 25,04 + 6H,0=7CI" + 8SQ” + 12H" (1) acrylamide and prepared a day prior to the experiments. Having
been rinsed in water several times, a rectangular piece of gel
(9.2 cmx 6.5 cmx 1.0 mm) was soaked in the reactant solution
with composition given in Table 1 for ¥530 min to ensure
the homogeneous distribution of ions. Excess water was

with an empirical rate law in the form ofR =
k{[ClO27][S40627][H T]2is an acid-catalyzed reaction producing
large amount of ions in the course of the reaction. It has been : ;
shown that the empirical rate-law can be used to describe theCarefully wiped off from the surface of the gel, which was then
spatiotemporal pattern formation under the experimental condi- 12id between two Plexiglas plates. Thin strips of gel soaked in

tions appliect22The spatiotemporal pattern formation has been Puré water were also positioned around the rectangular gel
before sealing the gap to avoid evaporation that might introduce

*To whom correspondence should be addressed. E-mail: atoth@ Undesired boundary effects along the edges. One of the plates
chem.u-szeged.hu. was fitted with a pair of parallel platinum wires (0.1 mm in
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Figure 1. Velocity of propagation of autocatalytic reaction fronts as
a function of current density. Dashed vertical line represents the
threshold current density beyond which no sustained reaction front is
observed. Reactant concentrations are listed in Table 1.

TABLE 1: Composition of Reactant Solution

Figure 2. Image of a front a = —1.08 mA/cn? (a) andJ = +6.15

[K 2S40¢]/mM 5.0 mA/cn? (b). Light regions correspond to the reactant and dark regions
[NaClO,)/mM 20.0 to the product solution. Field view is 3.64 cm 1.36 cm. Reactant
[NaOH])/mM 1.0 concentrations are listed in Table 1.

[Congo red)/mM 0.574

diameter) 7.8 cm apart, which was used for both initiating the
chemical fronts and then setting up the appropriate electric field
in the direction of propagation. A short{3 s) electrolysis at
3V potential difference produced the small amount of hydrogen
ions at the anode necessary to initiate an autocatalytic acidity
front. A constant current drawn from a galvanostat (Electroflex
EF1307) from—4 to +4 mA was maintained, yielding a current

densityJ in the range of—6.5 to +6.5 mA/cn?. The fronts 0 5 10 15 20
were monitored with a monochrome CCD camera connected k/cm™

to a computer-driven MVDelta imaging board using an ap- Figure 3. Experimentally determined dispersion curves of observed
propriate filter to enhance visualization. Images of 36876 fronts at] = —1.08 mA/cn? (@) andJ = +6.15 mA/cn? (M). Reactant
pixels were stored at intervals of B0 s as soon as the front  concentrations are listed in Table 1.

was sufficiently far from the electrodes in order to avoid side
effects from the electrolysis products. The conductance of the
gel was measured with a conductivity meter (Radelkis OK-112)
before and after an experiment with the platinum electrodes stil
in place.

modes present in the front profiles exponentially decrease or
increase depending on their spatial wavenumber. Figure 3
| Presents two example cases: Jor —1.08 mA/cn?, all modes
have negative growth rate coefficients;(therefore, perturba-
tions decay in time leading to a stable planar reaction front. At
J = 6.15 mA/cni, however, a range of wavenumbers with
positive growth rate coefficients exists, and hence, these modes
In the absence of an external electric field, the chlerite have amplitudes increasing in time. An initially planar front
tetrathionate reaction exhibits an autocatalytic front that travels loses its symmetry, and a cellular pattern develops in the front
at a constant velocity through the gelled medium. When a profile transverse to the direction of propagation. The average
negative electric field is applied, i.e., the positive electrode is wavelength of cells lies in the vicinity of that of the most
positioned ahead of the front, the velocity of front propagation unstable mode in the dispersion curve, indicating that the latter
decreases (see Figure 1). Reaction fronts maintain the geometrgrives the initial stage of the pattern formation.
of the platinum electrode used for initiation; therefore, planar )
fronts are stable to the ever present microscopic disturbances?- Modeling Study
as they travel into the homogeneous reactant zone similarly to  The reactior-diffusion—migration system with eq 1 in an
those in the absence of an external electric field as shown inglectric field can be described by considering the balance
Figure 2a. Beyond a threshold current densﬂlyn (% — 15 equations for the components as
mA/cn?), however, no reaction fronts with constant velocity
of propagation can be observed. oG, 5 zFD,
In a positive field, i.e., when the negative electrode is placed S~ DVG+ o VIGVY) R (@)
ahead of the front, the velocity of propagation increases due to
the enhanced mixing of the reactant tetrathionate and chlorite where C; represents the concentration ofC%?~, CIO,~, H,
and the autocatalyst hydrogen ion resulting from their migration Cl=, SO2-, and K" respectively. For simplification, only a
under the imposed external field. Above a critical current density single type of counterion is assumed, and the empirical rate
(Jer & 2.6 mA/cn?), the initially planar reaction fronts become law based on the initial rates &= k.C;C,C3? is taken to be
unstable and cellular fronts develop as shown in Figure 2b. Thevalid in the entire course of the reaction. We also assume that
observed instability can be best characterized by constructingsmall aqueous ions have the same diffusion coefficient with
the dispersion curves from a series of images as an initially the exception of the autocatalyst hydrogen ion. The complete
planar front loses its symmetry. The amplitude of the Fourier description includes the charge balance as

3. Experimental Results
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22 )
Q & 5 Z°FD; _ _
—= Z ZFD,VC, + vCevw)|=0 (3 &=+ Z 8P (n,7) =
ot & T k=
For the analysis we introduce dimensionless concentrations Coi(8) + ;‘ clyi'k(é)e‘””""7 (10)
= Ci/Cy o with respect to the initial concentration of the limiting =

reactant tetrathionate ioI€{ o), dimensionless time scale= - "
k.C1 0, and dimensionless length scales vtk x(k.Cy ¢3/D1)Y2 _ _ wr+iky
in the direction of front propagation ang analogously tc, ¥ =1o(C) + k; Y1 E)P(7,7) = Po(E) + k; Y1 (E)€

perpendicular to that, redefining = (9/d&, o/an)T. The (11)
dimensionless potential is scaled @s= WF/(RT), and the
relative diffusivities are defined by = Di/Dy, yielding6; = 1 wherecy; andwyg represent the solutions to egs 7 and 8, whereas
for i = 3. The governing equations now have the form k is the wavenumber associated with the spatial perturbation.
The substitution of egs 10 and 11 into egs 4 and 5 together
% _ 6iVZCi +20,9(cVy) + Viclczcsz (4) with the introduction of the moving coordinate system leads to
6 _ deyy | dei deg; gy | doyx dig
2 2 a)Clviyk— 6i > + dC + '5i d_C dC + dC d_C
0= (z6,V¢; + 7°6,V(c;Vy)) (5) dg
= d’y, Ay
Cliv— + Co—— — Ky, — 0ikCey; + vd, (12
augmented with the appropriate boundary conditions: zero ~ M*gr2 O ge2 Coi¥1 KCukt vid (12)
gradients for both concentrations and potential perpendicular
to the direction of propagation, and zero gradients for the 6 dzclik dcy; dyy
concentrations far ahead and behind the front where the potentialg = 20| —— — K¢, | + 2°0|— —
gradient is determined by the current density 4s = dz? h d¢ dg
s dc,;, dy d?y d?y
oy j 1i.k Y¥0 0 1k
= (6) —t Gk »y + Co, s Keco k]| (13)
dg dg dg dg

& 6
Zféici
= for the terms linear inb, whereJ, = ¥i—:°® (r/aci)o C1jk The

) ) ) ) ) ) planar front becomes unstable if the temporal eigenvaltekes

with the dimensionless parameter being defined jas: a positive value for somle in which case spatial perturbations

J/[F(kalYOSDl)llz_]; . . ) with  wavenumbers having positives grow in time. The

For the stability analysis, we first consider a planar front nhenomenon may be best characterized with the construction
travellng alqng theE-direction, i.e., all gradients ywth respgct of the dispersion curves = AK), which can be calculated

to# vanish in egs 4 and 5, and introduce a moving coordinate ithout knowing the first-order perturbatior:(x and 1)

¢ = & — ur, whereu is the velocity of front propagation. The  pecayse eqs 12 and 13 may be rewritten in matrix form as

resultant
1--- 0 0}fc C
P a(dci dy dz’/’) + @ R -
=0—+ UuU— O|\— —+ c—L - R B — .
|d€2 dC Z0; dg dC IdCZ Vi (% 0+-10 [ C1 o (14)
) 0 - 0 Of|\¥ix Y1k
6 d’c; dc ¢ d?
0= (3_'+ 25 _'_1/)+C_1/J (8) . . . .
2 40 2 4 0; dc dc i & which represents a generalized eigenvalue problem with the

matrix M only depending orty;, 1o, andk.

For the two-dimensional calculations, egs 4 and 5 have been
solved on a rectangular grid of 204 401 points withh = 0.2
spacing using the standard nine-point formula for the Laplacian
and an explicit Euler-method witihr = 1073. After each
iteration step, the potential has been recalculated by applying a
relaxation method on eq 5 with routines similar to those for
solving eq 4 itself. For initial conditions, a local perturbation
of the planar front is introduced by randomly displacing the
rows one grid in the direction of propagation. During the
integrations, the entire grid is continuously shifted forward to

Too u dy keep the reaction front in the center in order to avoid the artificial
f L, rde= 2 d_C +o0 9) depletion of reactants through migration because of the potential
field close to the boundary.
The rest of the integrals with the formula above provides a set A relaxation method is applied for the planar front profiles
of equations foc,, cs, ¢4, andcs at L — —co. The concentration of eqs 7 and 8 on 501 grid points with= 0.05 spacing using
of the counteriondg) is finally obtained from the charge balance. the standard three-point formula for the Laplacian and the

To analyze the stability of the planar front profile, i.e., the forward difference formula for the first derivatives. The potential
solution of egs 7 and 8, we introduce a small perturbation itself is not considered as a variable in the one-dimensional
transverse to the direction of propagation in the form of calculations because the discretization of eq 8 leads to a linear

with r = ¢;cc42 represents a two-point boundary value problem.
The boundary condition far ahead of the frontiat> +o is
given by the composition of the initial reaction mixture@as=
1,co=4,c3=cs= c5 =0, andcg = 6, whereas that far behind
the front at — —oo can be determined from the integral of eq
7 between the limits. Since the limiting tetrathionate is
completely consumed in the course of the reaction,d;es 0,

the integral for the first component yields an expression for the
source strength of the reaction as
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Figure 4. Velocity of propagation of calculated planar fronts as a

function of current density. Parameter value used for calculatidas:

=2.

system fory with a tridiagonal matrix. Hence, the potential
can be readily calculated from the concentrations. The CVODE
packagé’ is used for the numerical integrations of eq 7, during
which the front velocity is constantly adjusted to obtain a value
consistent with the criterion in eq 9 within a preset limit of
1077, For the boundary conditions, exponential concentration
profiles are taken where the exponents correspond to the
eigenvalues associated with the heteroclinic orbit connecting rigyre 5. Gray scale representation of a calculated front 2 0.0
the two boundary conditions that appear as steady states in thga) andj = 20.0 (b). Light regions correspond to low and dark regions
phase space, ..., Cs, dci/dg, ..., dcs/d). to high concentration of the autocatalyst. Parameter value used for
The discretized version of eq 14 yields a regular malfix ~ calculations: ds = 2.
depending on only the planar front solution and the spatial i i .
wavenumberk of the perturbation. Having calculated the

solution to eqs 7 and 8, we can constrlivtt which is a 3507 004
x 3507 square matrix for the 501 grid points. We have used
the DGGEV routine from the LAPACK packa#feto find the o2
eigenvalues, among which the ones with the largest real part

determine the stability of the planar solution to perturbation with 0.00
spatial wavenumbek. The dispersion curve is constructed by

repeating the procedure and selecting the appropriate distinct

eigenvalues for a range of wavenumbers. 0.0

5. Numerical Results Figure 6. Dispersion curves of planar fronts calculated jier 0.0,
) o o ) 2.0, 4.0, 6.0, and 8.0 from bottom up with = 2.
In a negative electric field (< 0), the kinetically important

reactant ions, tetrathionate and chlorite, migrate toward the represents a long-wavelength instability, the onset of instability
boundary atf = +, whereas the autocatalyst hydrogen ion occurs when the gradient of the dispersion curve at the origin
migrates in the opposite d|re_ct|on_. This leads to a _decrease_ Nchanges its sign from negative to positive as the current density
the overlap of the concentration fields for the reacting species jncreases. From theadld(k)—j graph, constructed by fitting
resulting in a smaller integral for the reaction rate in eq 9. Hence, the functionw = AkK2 — Bk* to small wavenumbers of the

the velocity of propagation for planar fronts decreases as Showndispersion curves and calculating the gradient& at 0, the
in Figure 4. A threshold field characterized with a constant critical current density is given gg = 2.87.

current densityjfm = —20.72) exists beyond which no sustained
reaction front can be gstablished ar_1d the system develops intog piscyssion and Conclusion
a set of electrophoretic fronts moving independently of each
other. In a positive field, where the reactants and the autocatalyst The chlorite-tetrathionate reaction is an autocatalytic reaction
migrate toward each other, the increasing overlap of the reactingwith respect to the hydrogen ion, which diffuses significantly
species results in a greater velocity of propagation. faster than other ions in aqueous solution. Greater diffusive flux
The results of the two-dimensional calculations show that of autocatalyst across the thin reaction front compared to that
small perturbations within planar fronts decay and the planar of reactants, however, leads to stabilized planar reattion
symmetry is always sustained for negative electric field and in diffusion fronts in the absence of external electric figlat
the absence of external electric field as shown in Figure 5a. first glance, an electric field oriented in the direction of front
Similarly to the experimental observations in positive external propagation with the negative electrode positioned ahead of the
electric field, planar autocatalytic fronts become unstable at front would seem to further stabilize planar reaction fronts
sufficiently high current density and cellular fronts with large because of the following arguments. The imposed field intro-
amplitude develop (see Figure 5Db). duces a migrational flux of the reactants and the autocatalyst
The systematic investigation of stability reveals that upon toward each other which increases the local rate of reaction and
increasing the current density, the dispersion curves of Figure hence the concentration of the autocatalyst in the back of the
6 shift to greater values of the growth rate coefficients, which front. The latter, in turn, results in a greater diffusive flux with
eventually leads to lateral instability with the appearance of respect to that of the reactants further stabilizing the planar
positive w for a range of wavenumbers. Since the bifurcation fronts.
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The experiments clearly demonstrate that even though therereactant mixture, and by binding a fraction of the hydrogen ions
is an enhanced mixing of the reactants and the autocatalyst inproduced, it decreases the specific conductance behind the
positive field, the greater velocity of propagation is a direct reaction front. The overall difference in the magnitude of the
evidence of the increased local rate of reaction, planar fronts migration flux of the reactants and the autocatalyst therefore
become unstable at a sufficiently strong field characterized by shrinks representing a stabilizing step.

a critical current density. The lateral instability is governed by  In conclusion, we have shown experimentally and theoreti-
a range of small wavenumber modes that grow exponentially cally that in reaction fronts of the autocatalytic chlorite

in time as shown by the experimental dispersion curves, sincetetrathionate reaction, where the specific conductance increases
the wavenumber of the most unstable mode falls in the vicinity in the course of the reaction, the selective enhancement of the
of the average wavelength of the observed cellular front in the migrational flux of the reactants with respect to that of the
initial stage of the pattern formation. autocatalyst may alone lead to lateral instability. It is achieved

The source of instability arises from the stoichiometry of the with an external electric field oriented such a way that
reaction. There is a significant increase in ionic strength and diffusional fluxes themselves have stabilizing nature in planar
mobility during the reaction as more ions are produced than front. Migration driven instabilities using electric field, therefore,
consumed. As a result, the specific conductance of the productmay be a more simple tool to produce cellular structures than
mixture becomes greater than that of the reactant mixture. In applying selective immobilization for a reactiediffusion front.
the experiments, we set a constant current density which can
only be maintained if the potential gradient is greater ahead of ~Acknowledgment. The initial experimental work of Tnea
the front than behind. It is therefore the enhanced migrational Evanyics is gratefully acknowledged. This work was supported
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